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A method i3 given of calculating the secondary flow in a cascade of airfoils in a stream with a

variation of 2pp=nach velocity along the span of the airfolis. The resulta are compared with measure-
ments of the secondary flow at a cascade at a corner in a return-circuit wind tunnel, where the velocity
gradient is obtained as a normal consequence of flow through a diffuser. The agreement between theory
and experiment is satisfactory, and indicates that the theory is sound. The pressure drop coefliclent
associated with the secondary flow as calculated from the measurements is 0.032 compared with a
value of 0.019 given by the theory.
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ROYAL AIRCRAFT ESTAILISHMENT, TARNSOROUGH

The Secondary Ilow in n Casculit 2o
Aerofoil; in a don-unitorm Str o

by

Helte Squire, Mehe
and.
KeGe Winter, BeSc

SWIARY

A method is given of oalculating the sccoudary flow in o oasocade
of aerofoils in o atruam with o variation or' a;pwsoach velecity along
the span of the werofoils. The results are compured with moasuree
ments of the sccondary {low ot o casocade at 2 corr:r in o return
olrcuit wvind tunncl, where the velocity gradient is obtuined as a
normal oonsuquencs ol flow through o difiusci. The agrecnient betweun
thoory and cxporiment is satisfactory and irdiontos that the theory is
sound .

The pressurce drop cocffioicnt associatod with the scoondary
flov as caloulated from the moasurcmount: is 06032 ’oampared with a
valuo of 0.019 giviun by tho thoory.
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1 Introduction

The oxdstence or scoondary flow dowmstroum of » cascade of acro-
foils, in a stream of non-unif'orm velocity, i+ well krown. It oon-
sists usually of o padr of vortices in each passnge through thu ocasoadu
vith the character shovm in Flg.l.  The oxtent o' the sceondary flow
dopunds on the acgres of non-unifomity of the aypproaching stream and
two types of sccondary flow oun bu distinguilshed. in the first typo
tho stroom is uniform oxcopt for a thin boundary luycr ot the walls.
The scvoondary flow is then limited to layers ncar the end walls and
in tho wokos of the cascaduse  This type of motion has boun invosti-
guted by Carter and Cohends  In tho second type of flow the stream is
non-uniform over a large part of the span of thu vancs as will ocour
if {the onuvoade is placed at the ond of o diffuser in a wind tunncl.
The vortioes shown in Fig.l thus extend over a large part of thc oross
seotlon and eventually combine to form a pair of large vortioes.

This note decals only with the sucond typyv of flow in which the
region of non=uniformity is large compared with the pap between the
vanese In this ocasu, although the non~uniformity of the stream moy
have boen oroatud by friotional c¢ffcots, the developent of the scoondnry
flow system oan be oonsidoured as belng independent of friction and onn
bo oaloulated fran the uquations of motion of an idcal flald.

The proliminary theory given in Ref.2 25 siricetly only valid for
small angles of deflootion.

Thero is an analogy hotwoen the secondary tiow anl the motion of
a gyroscope. If o disc, which is rotating about its uxis of symmetry,
is turncd about an oxis in its planv it develops an angular velocity
obout a third axis perpendicular to the first {wo. The analogy with
the present problem is obtalned by supposing the disc to lie orlginally
in the plane contudning the stream direction ard the spanwise direotion
of thu ongcadeus. Its original rotation is assoalutod with the velocity
grodient uleng the spanvise direction of the cascades. The disc and
the stream are then turmed, on passage through the casceade, about an
axis along tho casondu span. The rotation of the disec about its thimd
axds corrosponds to the scoond.ry [low of the character indicated in
E‘ig ele

2 Thooxy
2.1  Genexnl

We stort with the two-dimensional flow which would he present if
tho approacling stream werc uniform. For any oascode 4his flow can be
dofined by a velocity potential « (x,y) ond a stroam function g (x,y)
as shown diagrommatiocally in Fige2; x and y are Caricsian oo~ordinates
in the planc normal to the span of the cascades cnd z  is measured along
the span.

The flow in one of the passages between the acrofeils and its
extensions aheand of and bhehind the aerofoils lies between two stream
lines PB= constant, and we shall restrict comsideration to o single
rassage tounded in this way. The lines o = const., g = counst. fom
an orthogonal ocurvilinear nctwork made up of small squares and tho
oelements of arc measurcd along thusc lines arc how  and  hig where

’

g 2 i',\ 2 /"‘,.\2 /‘. ‘ 2
RINE N AR
he  \"x KTW % Y,

e :_f.u:i)
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Altematively the guantity © oan be regarded as proportional to
the reciprocal of the veloolty of the two-dimensional flow at any point
in the fleld. We ohoose the soale of « and g s0 that h dis equal
to unity far ahead of the casonde; h will also be egual to unity far
hehind o ensonde which gives a defleotion wvithout exponsion or controo=
tion.

Vo now oonsddur the flow post a casoade for which the approach
veloelty dilstritution is non=uniform. Then, if the degree of non~
unlformity is not large, the two-dimensional flow referrved to above
can be mogarded as a first approximation to the actual flow. We
assume thot this is so and shall oanloulate the actual flow by treating
it as o lincoar perturbation fram the two-dimensionnl flow. The motion
is studicd by reforring it to the orthogonal ourvilinear oco=ordinates
a 4 B and 2z , the dlstanoe mensured .along the span of the oascade.
Following the notation of Refe3 the elemonts of length measured along
the dirvotions of o, 8, =z dinorcasing are hyda , hytp and hjbz

respeotively and for the presant systom hy = h2 =h and h, =1 so

thot those elemonts of length are hox . hég and 62z respeotively
and where h is indopendent of 2. The veloolty is ¥ which has

components (u,v,w) in the direotions of (a 48 , z) inoronsings The

vortlolty is  with camponents (£,10,% ) and fram oguotion (35)

of Chapter III of Rofe3 thuse are

av )
& ;;—3— 3‘3 (hZW) - —— (h2 )} -”—z
= —];_. ,-"L - _8_ = E.“.". - .].'. iw.
" hahy '{az () Aa (h5w)} 8z hAx (1)
. .
4=—1--’:?- (hov) = — (h1 )l =-- 2 ~ (hv) = L (h“%
hl o Q)44 ‘~’ﬁ J

The sguation of steady motion of an ideal inoompressible flwld in

veotor form is '
v X w = grad (I-)-q-l-vz)

‘where P is the statioc pressure and p is the density. The components

of this equation ocorresponding to 2, and z are

16 (p 1.2

- VZ - Wy 2

“a(p 2x)=c: n (2)

i (P 1 2

h86<;+2!)5w€-ué (3)
1

ﬁ_(£+,f>=m-vg, (1)

8z \P 2
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In addition we have the egquation of continuity

divy=0

or
%(mq;-(m)mz%%o (5)
AlsQ
divw=0
80 that
A= (h8) + = ()« b2 52 ©

Elimination of (£ 4 .;.12) fram (3) and (4) gives

N

n 0
— (WE = uZ) = —_— (un = vi),
Az hofs

which man be written

s on 1] g
(7)
e ap(l2y 2w} nfu . 0u
h A8 Bz h o8 7 2z
Fram (5)
1av W L2 gy .l
ha oz he o ne o’
‘and fram (8)
lfﬂ....ﬁ'.[z.g-.j;..f.(h@)-lgﬁ
hog oz he 2o hé B8
Substituting in (7). we obtain
&8 yo£ , &,k
Hae R Y, TR
1 2 v oh noau _ oy
2E | (u)r L= 2= B 8
[hz Aa (ha2) he 95} h % 'z (8)

I the approaching stream has velooity U, where U 1s in generuol
a funotion of B and 2z , such that the velocity variation is not large,
then the vorticity components m and 2 are small guantities of the
1st order and g is zero in the approaching stroam (see cguation (1))

L
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It vill be assuncd that on pussing tizough the casonde the vortioity
component £ booomes a small guwwntity of the r'irst order.

For the two~dimensional h-sioc motion we should have
hu:U,v::\'l:O, (9)

and, sinoe wu are only considering smull perturbations on this basilo
motion, we can regurd v and w as small quantities of the first

order; also -;- (ka) 4is o small quantity of the first order since
it is zoro for the basic motion (oquation (5);. We shall negleot all
quantities of thu second ordor in cjuation (8) which booomes

h2 fy he ap ;: ap
oxr 2 .
a . n o iy
—— {hE) 2 — - {2, 10
N (he) w B (h) (10)

From (2) and (4) we havo

1A : A
" (un = v) = (vg = wm)

Now & 5, m 53 & and v, w are all quontities of the first order so that
all toms in this cquation oxoept the first are guantities of the
sooond order; hencc to0 our order of approximation

fal
a‘l (un) = O’

80 that un is independent of o and squal to its value for upstream.
Hence

R
L=y

un="U—, (11)

l

ol

o
o

gince u = U and #= 93U/ in the approashing stream. Substituting
for n from (11) and for u from (9), equation (10) becomes

2 hl"ﬂ 2 U
—hg o et mae i |
31( ) U oz &8 (hz/‘
or
® ey o n2 U, 2 LU
o (hg) = h - k 2 7 (log h) + " aﬁ] (12)

. Por the cescade with approsch velocity variation only in the spanwise
direction aU/Ap is zero. In other cases wherv the approach

velooity variations are not large the second torm on the R.HeS. oan be
noeglsoted in comparison with the first temm so that

6o
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— (h) = - 2w P (Log b);

IS

the negleot of the tem depending on U/ - ds in accordance with the
approximitions introduccd diovee

Wo now intugrate (12) with rospect to ¢ from far upstrcam to
far dovmstream obtainingy

o oo
(hi)y == 2= / he = (log h) do (13)

whero tho suffix 1 dcnotes the value far downstruam. This formula
unables us to caloulatc the conponent vortiedty along the stroam
direotion dovmstream of the casonde.

gince thu integration in (13) is wlong the strcam lines of the
tasic flow, we eun usc o erude xepruscniation of the basic flow for the
calculntion of the intepral.  PFor this purpose the motion is assumed
to be uniform in ILront of and buhind the ouscade, with h = 1 thoro;
within the passage we naosume that the basie motion is the irrotational
flow in a cirolu about o vortex at the centre of the cireclce For this
lattor motion

we T 4 conste, o= xy log (r/ry), ho= r/ro

vhere r, r, and ¢ are defined as in rige.5.  Honoe

_ .
P (log h) = !

o

and

in the passage,and thus

‘ N2
h2 o (log h) da = [ Z] &
B To

As a further approximation we shall assume that the width of the passage
i1s small oompared with the radius so thnt r does not diffoer greatly
from r, aoross the passage. o may then pub /vy = 1 in the above
expression which becomes

’\

For the complete bhasic motion represented approximately by
uniform approaoch t'lov, curved flow in the pussage bounled by two
celroular arcs and unif'orm rlow dovmstreem, we find that the value of
& in the outflow is, irom (13) ond (14),

M

W

T

e ———
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[k}

VI Y- R
R R SR S (15)
R ‘7 g

where ¢ (Flge3) is the total angle of deflection of the stream;
wo have put h = 1 downstroam of the tend, and vy, w &Xe the

1
g 5 2 oomponents of velocity far downstreams

If the motion scttles down to a stendy secondary flow far
downstresm suporposvd on the general stream wo shall have mAa = 0
in (7), so that the eguation.of ocontinuity beoames

e g .
1 1
el : (16)

Introduoing a struom funotion of the seoondary motdlon defined by

Vl = -3'- s W B = ij- ’
"y 1 e
(16) L5 satisficd and (15) buoomes
2 2
R e
— et 25?2 ) (17)
v ”22 2

It is assuncd that thexc is no flow noross the oxitunsions of the
onsoados donoted by B = + b (Fige3) or at the und walls z. = 0, z = 24,
80 that the boundory conditions may be taken to bo ¢ = 0 for p = 4 b
and for z = 0, 2 = 2(s

The theory given uhove is o dovelopment of Korman and Tsion's
theory for amall dofleotionsl; there arc differences »etween the
two theories with regard to the retuntion of samne seocond oxrder terms.

2.2 golution for o bund of high aspeot ratioc

If the width of the pnssage is mmall oompared with the height,
the seoondary flow will be mainly parallel to the spon of the asrofoils
exoept near the ¢nd walls. The solution of (17) corresponding to
this type of flow is

2 a
y= (2 =19 e 2, (18)
Az
2 2 ?2U 2
Ve = “h )£ W =-2{58;H
1 < ) a2’ 1 2z

PY)

23

provided that v U s negligible in comparison with -2-1-1- j for
Og 2

the volocity distribution considered below, this condition is satisfied

oxoupt near the stations marked A in Figel.

The expression (18) moy by rugarded as a partioular integrol of
(17) and is the ruquirced solution ~wny fram the ond walls and from A (Figek)e
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Near thu ond wall 2z = 0 we hawe to add o complenuvitary funotion to
this articular integr:l, to satisty the toundnry condition therc.
This complemuntary function is the well=known fourfiace wavae! type of
solution of Luplneu's vyuation and th. complete intugral is

l 0
2 2 B
N R Mot 'S IPY B IO
' n=0 l 2b | L 2y
This form satisfius thu condition = 0 for p = 4+ b, and the

coofficlents I, orc duturmined by tho condition | =0 for a = 0.
Putting z =0, . = 0 in (19) wc obtain

. {0 o 2n+l )7
(|~,2"‘ ba) -~ '—U o* Bn 008 i-t——)'—q?- =0 o
Az/z=0  n=0 2b

B, =

Hen p
ones 32(=)" b2 ( 0\
(en1 )33 \ia)u=

80 that the coofficolents ducrenss rapidly with ineroase of n.

We may thus to the ordur of acouracy with whioh wo are ooncerned
nogloct all oxocupt the first turm in the scrivs dn which ocasc we moy
roplaoe the fonn (19) by the vxpression

n 2 A - ’
“;‘ = (b(- -bh ) - ...lj. 1l ~ exp < - -’-"—71.> (20)
0u Zb

4

The values of the two. componcnt velecltics are then

. / ~2 ‘
K .2 12y U m 2z .2y, %7
Vi = ee - T 7 —— - D (4 - £ omttans - - .’K_Z_
1 2b (p ) oz oxp ( b /' * (L' b°) :.22 1~ exp P ’
(21)
[
v = = 280 U Rz
il - L ~exp (= peug (22)

The equations (20), (21), (22) are valid for the upper half of the
ochannel 0 < s < £,

3 Experiments

An experimuntal chceol: of the thcory was made at the first bend
of the ReAeBs 4! x 3! ¥Vind Tumnel. The velocity distribution approaching
the cornor (¥ig.s) is such as to give an almost lincar variation of
velooity for the first 15 inches away fram the walle  The oentre passage
of the ocascade which has a spon of 6 £t. and a width 2b = /L8 ins., was
uscds The experiments consisted of measuruments with a yowmeter, of
the angles of defleotion of the strcam in the £ and 2z direotions.
The traverscs covered the upper part of $he span of the turning vanes
over whioh thc approach velocity variation was appreoiable. Beocause
of the uncertainty of the main strvom velocity the angles werc obtained

9-
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by reading the pressure diff'urcneoe betwwen the two tubes of the
yavmeter for several angular scttings and interpolating.for zero
differences Thu slopcs of the curves then also give the looal
velocitys

To avoid intorfurcence from ncighbouring passages, the trailing
vdge of thu outer of the two turning vanes enclosing the centre passage
wos oxtendud as shown in Fig.5. The heads of the yawmeter were in-
serted obout % in. into this passage.

L Compordson of experiments with thecory

A direot ocomparison of the measured secondary veloolties with the
thoorotically predicted valucs is given in Figs.6 and 7« Figed shows
the velooitics in thce spanvisc dircotion and Fige7 those nomal to
the span.  In both oascs the velocitics are made non=-dimensional by
dividing by the mean spoed Uy anross the tunnel seotion approaching
the corner.

The theoretical values of vy and Wy ore given by equations
(21) and (22) using the voloolty distritution given in Figeh.

It will be seen in Fige6 that agreement between theory and
exporiment is quite good. In Fige7 the agreament in the non-<linear
region s not so good though one might say thaot the experimental cuxve
is o smoothed out version of the theoretical ourve. This really
mesns that scvoond order offects are coming into play. The exponential
decay low predicted near the end wall is followed closelys

In Fige8 u complete comparison of experiment with theory over
the whole reglon considured is given by plotting the streamlines of
the lateral motion, i.ce the lines {¢= constant. The values of
appropriate t0 vach streamline have been madc non=dimensional by

dividing by Ub. The thoorctiocal streamlines are given by equation (20)

using the velooity distribution of Figek.

Tho experimental strcamlinecs have been obtained by integration
of the sucondary flow velooitius. Exoept in the region near the
erd wall, the steps in the proccss arc as follows. We ohoose the
streamline along the boundarics of eunch passnge as Y= 0. Then the
value of § at any point (1, z) iz given by

IB
"'v‘ ﬁ- dB .
S

where the integration is performed at z = 'oonstant. In oxder that
both vanes bounding a passage sholl be streamlines it is necessary
that

‘b
/ w, 8 =0 for z = oconstant
dyp 1

and this cordition was satisfied by adusting the zero of the measurc-
mentse The moximun adjustment reguired was a change of the zero of

'f-j_/‘% of 040l-s

Near the end wall the streamlincs were obtained from the

2
integral f - vy dz.  To join the streamlines the values of + given
° .

10.
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by the vy measurements wers jlotted ~wudnat o and the value of 2

tnkun, for which ic ooaaedmune  Call these values Zq) o

at 2y since =~ = U, the valu. of vy st booadjusted to zero and
Tz

vill thentes given by

" + v, Az . = constant.

The maximm adjustmont required was o change of zero of vi/U of 0.0k4.
The dirfercnocs between theory wnd oxperiment are morc apparent

in Fig.8, the maximun volue of - -‘-h- toing 04255 from the measurements
i

and 04204 from the cclculations. However the general charaoteristics

of the flow arc thu same and the oxperiments confimm that the physioal

basis of the thuory is sound. The disorspanciecs oan be attributed to

the second ordcr off'vets whioh have buen neglucted in the theory. FPFor

example, considur an angular deflection of the flow of 259 2% the end of

a possages Assuming this deflection to grow linedrly round the curved

part of' tho passage then the lateral deviation of a streamline through

the passonge is obout 8 inge This deviation is sufficlent to modify the !

velooity grodicnt apprecinbly, ard, in faot, the measurements show that

the velocity gradient along the centre-~line of the passage begomes rovorsed

for thu first 5 ins. awny fron the wall.

The power loss associated with the seoondary flow is given by

n

2 2
| ! U(vlf + Wy ) dp dz

We muy therefore define an induced drag pressure drop cosfficient

2/ b » 5
' H ‘ NA
_ ' | v wy ||
UlJi = ..!‘... ’ .q.. )-.l.\ + (—]-'-) >an dz o
Let | i Uv y
0 R {

Op; has been caloulated both by integratlon of the measured secondary
flow and f{rom the theoruvtical distritutions. The respective values are
04032 and 0,019, The measured value is thus o1 the order of half the
profile drag pressure drop coc{Ticicnt? and should bty taken into account
in estimating corncr loss.

It is possible t'at ttere is gome reeovery of the cnergy in the
seoondary flow when mixing botween the flows from adjacent passuges takes
place, and in the casc of . wind tunnel there mey be some recovery at
subsequent cornmers.  llowever it is unlikely that this recovery would
oxceed 50%

6 Conclusion

P VR

The cxperimonts show that the theory gives v good approximation to
the scoondary flov in = eascade with « 900 corner ard o large variation iy
of appronch velocity. '

il,
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LIST OF SYMEOLS

Cartesiun co~omiinates in pl-:me nomal to span of' cascade.
Orthogonal curvilincar co-ordinates in (x,y) plane.

Idstance measured along span from onc end wall.

The elements of lenpth in (¢B) co=ordinates are hdo and hop.
Radius at wny point of passage between two vanes.

Mean mmdius of pazsage.

Width of pussage at exlt.

Hedght of passage at exit.

Angle of deflcotion at corner up to point a.

Total anple of deflection at corner,

Velocity vcotor with components u,v,w in direotions
as By 2o

Velocity of spproach to corner.
Values of v, w dovmstream of corners

Vorticity vector with oomponents &, n, 2 in
directions a, p, 2.

Stream function such that

oy 2
= W = ™ cmm
Vi Q2 1 op

Static pressurcs

Density 0
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FIG.l. CHARACTER OF . SECONDARY FLOW AT
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FIG.3.
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FIG.3. SKETCH ILLUSTRATING CHANNEL USED
‘ " TO REPRESENT ONE PASSAGE OF CASCADE.
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FIG.4.
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FIG.4. VELOCITY DISTRIBUTION, APPROACHING
FIRST CORNER OF 4'x3' WINDTUNNEL.
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FIG.5.
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FIG.5. TURNING VANES AT FIRST CORNER
OF 4'x3' WIND TUNNEL.
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FIG . 6 (conm)
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